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On the Behaviour of a Particulate Metal Matrix Composite Subjected to Cyclic 
Temperature and Constant Stress 
 
H. F. Chen and A. R. S. Ponter 
Department of Engineering, University of Leicester 
Leicester, LE1 7RH, UK 
 
 
Abstract 
 
The paper describes a method of characterising the behaviour of an idealised 
particulate metal matrix composite compos ed of elastic particles and an elastic-
perfectly plastic matrix subjected to constant macro stress and variable cyclic 
temperature history. The computational method, the Linear Matching Method, was 
originally developed for structural life assessment studies, and allows a direct 
evaluation of the load ranges for which differing modes of behaviour occur in the 
steady cyclic state; shakedown, reverse plasticity and ratchetting. A simple 
homogenised model is considered, consisting of spherical particles embedded in a 
cubic matrix array. The resulting solutio ns are presented as non-dimensional 
equations derived from numerical solutions for two composites, alumina and silicon 
carbide particles embedded in an aluminium matrix. 
 
 
1. Introduction 
 
The inelastic properties of metal matrix composites (MMCs) composed of a 
metallic matrix and a ceramic fibres or particles have been much discussed in the 
literature [1-18]. MMC’s essentially provide  a range of materials with enhanced 
properties compared with the matrix propert ies, greater stiffness and strength, lower 
density without excessive loss of fract ure toughness and fatigue properties and 
enhanced wear properties. There have been a number of studies of the strengthening 
effects of particles and the dependence on particle volume ratios and particle 
arrangement [1-7]. Over the range of possi ble volume ratios the proportional increase 
in yield stress has a maximum of about 60% . To the authors knowledge there has been 
no study of the effect on this strengthening of variable temperature for particulate 
composites although there have been a number of such studies for fibre reinforced 
composites [8-18]. 
 
The subject of this paper is an investigation of the deterioration of the apparent 
yield strength with variation of temperature. Differences in the coefficient of thermal 
expansion of metals and ceramics result in significant thermo elastic stresses 
occurring on the micro scale. Under variable temperature the macro stress level at 
which strain growth becomes significant is reduced, resulting in an apparent reduction 
in the yield stress of the composite. When th e variation is sufficiently large, cyclic 
strain growth  (ratchetting) occurs. A number of modes of behaviour are possible. For 
continuous fibre composites loaded in the direction of the fibres, variable temperature 
may be a source of premature fatigue failure but does not produce cyclic strain growth. 
When stressed in a direction normal to the fibres, significant reduction in the apparent 
yield stress may occur as well as micro plastic strain cycling and cyclic strain growth 
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[12-18]. For particulate metal matrix fibr es cyclic all these modes may potentially 
occur and, at the present time, there does not seem to exist a study of this 
phenomenon. 
 
 In this paper we present a global evaluation of the performance of an idealised 
particulate metal matrix composite where spherical particles are regularly arrayed 
within cubic units. The particle is assumed to remain linear elastic and the matrix is 
elastic perfectly plastic with a von Mises yield condition. The cubic array is subjected 
to a uniform uniaxial macro stress Σ  and subjected to a varying temperature history 
over a range 0θ  to θθ Δ+0 . The usual homogenisation assumptions are made. 
Material properties are assumed isotropic and to remain insensitive to the variation in 
temperature. Hence the micro model is char acterised by the elastic properties of the 
two constituent materials, their coefficients of thermal expansion and the yield stress 
of the matrix. Further we c oncentrate on the cyclic properties when the cyclic history 
of stress on the micro-scale has reached a steady state. The objective is to characterise 
the behaviour of the composite in terms of these basic constituent properties and the 
particle volume ratio. 
 
For such a model the modes of beha viour are well understood. For differing 
loading conditions four modes of behaviour are possible; 
 
Elastic Behaviour: For sufficiently low values of Σ  and θΔ , the micro elastic 
stresses lie within yield, assuming no initial residual stresses. 
 
Shakedown: When the elastic stress history ex ceeds yield, plastic strains in the 
matrix occur during initial thermal cycles and the micro stress history ijσ  asymptotes 
to a history of the form ijijij t ρσσ += )(ˆ , where ijσˆ  denotes the elastic micro stress 
history and ijρ denotes a time constant residual stress history. Generally ijρ  is not 
unique and depends on any initial residual stress field but the values of sΣ=Σ  and 
sθθ Δ=Δ  that characterise the limit to this mode of behaviour, the shakedown limit, 
is independent of any initial residual stress. At the limit a unique ijρ  exists. The 
shakedown limit may be subdivided into two subcategories, a reverse plasticity limit 
(low Σ , high θΔ ) where a closed cycle of plastic strain begins to occur but no cyclic 
strain growth, and a ratchet limit (high Σ , low θΔ ) where cyclic strain growth occur 
at values of yΣ<Σ  where yΣ  is the limit load value for constant temperature. 
 
In excess of the shakedown limit the steady state cyclic stress history becomes of 
the form rijijijij ρρσσ ++= ˆ  where ijρ  now becomes the residual stress at the 
beginning and the end of the cycle and rijρ  denote the change in the residual stress 
field during the cycle, reducing to zero at the beginning and end of the cycle. This 
stress history is produced by a cyclic history of plastic strain pijε&  that accumulates 
over the cycle to a compatible increment of strain pijεΔ , giving rise to an increment of 
macro strain pEΔ . In this state two possible modes of behaviour occur, corresponding 
to two separate regions of loading. 
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Plastic Shakedown or Reverse Plasticity: For this range of loading, in excess of the 
reverse plasticity shakedown limit no cyclic strain growth occurs - 0=Δ pijε  and 
0=Δ pE  - but locally, in the matrix, a closed cycle of plastic strain occurs as a 
potential source of fatigue initiation. Hence the interest in this region is an evaluation 
of the amplitude and location of this plastic strain amplitude. 
 
Plastic Ratchetting: For this range pijεΔ  and pEΔ  are non zero and the material 
experiences a cyclic growth of strain. 
 
The evaluation of these patterns of behaviour may be obtained through a large 
number of step by step finite element calculations and this has certainly been done in 
the past [12]. The identifi cation of the boundaries between these behavioural load 
regions can be difficult and essentially subjective. The whole calculation is rather 
excessively tedious. However, it is now possible to identify the primary 
characteristics of the region boundaries directly by use of a simple programming 
method, the Linear Matching Method, combined with classical upper bound 
shakedown theory, and the extension to a mi nimum theorem that applies to loads in 
excess of shakedown. These methods have  been developed to provide improved 
computational methods for structural life assessment methods for high temperature 
power plant [20-22]. This paper,  therefore, is a first attempt to apply such methods to 
globally characterise the behaviour of a materials system, following an earlier attempt 
to characterize shakedown properties fo r a continuous fibre composite [17].  
 
The strategy is as follows. The Linear Matching method, described in Section 2, is 
used to identify the shakedown limit and the boundary between the reverse plasticity 
region and the ratchet region for two characteristic composites, an aluminium matrix 
with either alumina or silicon carbide particles, for a range of particle volume ratios 
between 6.5% and 45% using material data listed in Table 1. The boundaries are then 
characterised by non-dimensional groups. The amplitude of the micro plastic strain is 
similarly characterised. The ratchet rate in excess of shakedown and reverse plasticity 
is not evaluated, although it is possible to do so with these methods. There exist lower 
bounds [22,23] that indicate the strain rate per cycle is high even for relatively small 
load increases into the ratchet region.  
 
In Section 2 the Linear Matching Method is summarised and the solution strategy 
described. In Section 3 the numerical solutions are described in terms of non-
dimensional groups. 
 
2. Minimum Theorems and the Linear Matching Method 
 
The theory discussed in this section is derived in general terms in Ponter and Chen 
[24,25]. Here the results are summarised for the MMC problem. The matrix yield 
condition is given by the von Mises yield condition and the associated flow rule, 
       
0)( ≤−= yijf σσσ ,   
ij
p
ij
f
σμε ∂
∂= &&     (2.1) 
Where σ denotes the von Mises effective stress and yσ the uniaxial yield stress. A 
typical cubic element has volume V and surface S . Homogenised surface 
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displacement constraints exist.  A uniform constant macro Σ  is applied to a pair of 
opposing cube surfaces.  The cube is held at a uniform temperature that cycles 
monotonically between extremes 0θ  and θθ Δ+0 . 
 
The linear elastic stress solution, corresponding to plastic strains 0=Pijε& , is 
denoted by ijσˆ , with, 
 
    ),(ˆ),(ˆ),(ˆ
00
txtxtx ijijij
θσθ
θσσ Δ
Δ+Σ
Σ= Σ   (2.2) 
 
where ),(ˆ txij
Σσ  and ),(ˆ txijθσ  are the linear elastic stress solutions corresponding to 
0Σ=Σ  and 0θθ Δ=Δ .  
 
For the above general problem in a typical cycle, tt Δ≤≤0 , in the steady state, 
the following minimum theorems [24]  exists. For any chosen value of Σ  and θΔ , the 
functional 
 
    ∫ ∫Δ −=ΔΣ
v
t
c
ijij
c
ij
c
ij dtdvI
0
)ˆ(),,( εσσθε &&   (2.3) 
 
is minimised by the exact solution, where cijσ  denotes the stress at yield 
corresponding to a plastic strain rate history cij
p
ij εε && =  ,  such that the accumulated 
strain over the cycle, 
 
    cij
t
o
c
ij εε Δ=∫Δ &      (2.4) 
 
is kinematically admissible, i.e. compatible with a displacement field, cijuΔ , which, in 
turn, satisfies the displacement boundary conditions. Two additional restrictions are 
now placed on the magnitude of cijε& : 
 
• Restriction 1: Corresponding to cijε& , a cyclic history of residual stress, ),( txcijρ , is 
defined such that it satisfies the relationship, 
 
    cij
c
ijijkl
cc
ij C ερε && +=     (2.5) 
 
     where ccijε&  is kinematically admissible and ijklC  denotes the linear elastic 
compliance tensor. Note that: 
 
    0)()0( =Δ= tcijcij ρρ     (2.6) 
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• Restriction 2: Corresponding to ),( txcijρ , a restriction is then placed on the 
absolute magnitude of cijε& , with the requirement that there exists a constant 
residual stress field, ijρ , such that the composite stress history, 
 
    cijijijij ρρσσ ++= ˆ     (2.7) 
 
     satisfies the yield condition, 0)( ≤ijf σ , for tt Δ≤≤0 . 
 
For a prescribed load history, i.e. a prescribed Σ  and θΔ , 
 
    0),,( ≥ΔΣ θε cijI &     (2.8) 
 
with equality achieved when crij
c
ij εε && = , the exact cyclic solution [24].  
 
This result includes the classical shakedown theorems as a special case. If we take 
sΣ=Σ  and sθθ Δ=Δ , values corresponding to the shakedown limit, the magnitude of 
the strain rate history, cijε& , becomes infinitesimally small and ),( txcijρ  becomes 
insignificant compared with the elastic stresses. Restriction 1) no longer applies and 
Restriction 2) corresponds to the lower bound shakedown theorem [27]. With this 
simplification (2.8) yields that 0),,( ≥ΔΣ sscijI θε&  and 0),,( =ΔΣ sssijI θε& , where sijε&  is 
the exact shakedown mechanism.  If we now define UBΣ=Σ  and UBθθ Δ=Δ  as values 
that satisfy 0),,( =ΔΣ UBUBcijI θε& , then it follows, easily, that sUB Σ≥Σ  and sUB θθ Δ≥Δ  
along a radial path in a ),( θΔΣ  space. Hence the upper bound shakedown theorem of 
Koiter [27] is recovered. In summary, for small cijε& , the aforesaid minimum theorem 
provided a generalisation of both the lower and upper bound shakedown theorems. 
 
3. The Evaluation of the Shakedown Limit 
 
The Linear Matching Method involves the solution of a sequence of linear 
problems that yield kinematically admissible strain rate histories corresponding to 
monotonically reducing upper bounds UBΣ  and UBθΔ  that may be shown to converge 
to the least upper bound associated with the class of displacement fields chosen [25]. 
At each iteration the linear material is matched to the yield condition for the current 
strain rate history. Essentially it is a non-linear programming method but of a form 
that is particularly easy to understand and implement.  
 
For simplicity we write 0Σ=Σ λ and 0θλθ Δ=Δ  and seek optimal values of 
UBλ for a range of prescribed oΣ and 0θΔ . For the problem discussed here the strain 
rate history consists of two increments of strain 1ijεΔ  and 2ijεΔ  corresponding to the 
extremes of the elastic stress history at times 1t  and 2t when temperatures 0θ  and 
θθ Δ+0  occur. For an initial estimates iij1εΔ  and iij2εΔ , we define linear shear moduli 
i1μ  and i2μ  by the matching conditions; 
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)(2
2
3 li
ij
li
y εεμσ Δ⎟⎠
⎞⎜⎝
⎛= , 2,1=l    (3.1) 
i.e. for incompressible linear materials defined by shear moduli i1μ  and i2μ , at the 
initial estimates of strain rate the effective stress matches the yield condition. A new 
estimate of the strain rate history is then given by the solution of the following linear 
problem, 
 
{ }fijijifij t ρσμε +=Δ )(ˆ21 111 ,  { }fijijifij t ρσμε +=Δ )(ˆ2 1 222    (3.2) 
 
f
ij
f
ij
f
ij
21 εεε Δ+Δ=Δ , )ˆˆ()(ˆ θσσλσ ijpijiUBij t +=      (3.3) 
 
where fijεΔ  is kinematically admissible and fijρ  satisfies equilibrium for zero 
macrostress. Here iUBλ  denotes the upper bound corresponding to the initial solution, 
i.e. 0),,( 00 =ΔΣ θλλε iUBiUBiijI & . General theory [26] then gives that; 
    iUB
f
UB λλ ≤      (3.4) 
with equality at convergence. Repeated application of this algorithms produces a 
sequence of reducing upper bounds that converge to the least upper bound 
corresponding to the finite element mesh for finite element solution.  
 
4. Evaluation of the Ratchet Limit 
 
In the case of loading in excess of sh akedown, a parallel understanding of the 
nature of the ratchet boundary is required [25]. First, the functional, ),0,( θε ΔcijI & , is 
minimised, for prescribed θΔ  for mechanisms that satisfies 0=Δ cijε , but taking into 
account equation (2.5) of the minimum theorem and assuming that ),( txcijρ  is finite. 
This is then followed by the evaluating the value of Σ  that takes the load state to the 
ratchet limit. This is given by the shakedown limit with the elastic solution ijσˆ  now 
replaced by cijij ρσ +ˆ . 
 
For the problem under consideration thermo  elastic stress varies proportionally 
between two extreme values, )(ˆ 1tij
θσ  and )(ˆ 2tijθσ , describing a straight-line path in 
stress space. Using this simplification, equations (2.4) and (2.5) now gives, 
 
  ∫ Δ=1
0
1
t
ij
c
ijdt εε&    & ∫ Δ−=Δ=2
1
12
t
t
ijij
c
ijdt εεε&    (4.1) 
and 
  ∫ Δ=1
0
1
t
ij
c
ijdt ρρ&    & ∫ Δ−=Δ=2
1
12
t
t
ijij
c
ijdt ρρρ&    (4.2) 
 
021 =Δ+Δ ijij εε  , 021 =Δ+Δ ijij ρρ  
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Thus, by taking into consideration only 1ijεΔ  and 1ijρΔ , the extremes of the reverse-
plasticity mechanism can then be identified. In the following, it is important to note 
that the strain increment, 1ijεΔ , is assumed to occur at a fixed point on the yield 
surface, in contrary to the exact solution, where the plastic strain rate may move 
around the yield surface. For proportional loading problems we find [25] that this 
assumption has little effect upon the solution and considerably simplifies the solution 
method. 
 
As before the evaluation of 1ijεΔ  and 1ijρΔ   [25] requires the solution of a sequence 
of linear problems. For an initial estimate, iijij
11 εε Δ=Δ , a new estimate, fijij 11 εε Δ=Δ , is 
then defined as the solution of a linear problem corresponding to a shear linear 
coefficient, iμ  given by the matching condition for the range of stress, 
 
    )(2
2
3
2 1iij
i
y εεμσ Δ⎟⎠
⎞⎜⎝
⎛=     (4.3) 
 
The new distribution of the strain increment, fij
1εΔ , is then characterized as the 
solution to the following problem, 
 
  
''' 111
2
1 f
ij
f
ij
Tf
ij ερμε Δ+Δ=Δ , 
f
kk
Tf
kk K
11
3
1 ρε Δ=Δ   (4.4) 
and 
  ( )'' 1'1 ˆ
2
1 f
ijiji
f
ij ρσμε Δ+Δ⎟⎟⎠
⎞
⎜⎜⎝
⎛=Δ      (4.5) 
 
where Tfij
1εΔ  is kinematically admissible and fij1ρΔ  satisfies equilibrium conditions for 
zero  macrostress. Here 
 
   ))(ˆ)(ˆ(ˆ 21
0
tt ijijij
θθ σσθ
θσ −Δ
Δ=Δ     (4.6) 
 
Note here that the shear modulus, μ , and the bulk modulus, K , correspond to 
elastic material behaviour in the particle and matrix. In an iterative process, the 
repeated application of this algorithm produces a sequence of solutions for fij
1εΔ , 
which converges to the absolute minimum of the functional I .   
   
The numerical procedure now used to identify the ratchet limit, is the same as the 
upper bound shakedown limit discussed in the previous section. The linear elastic 
solution is replaced by 
         
 ),(),(ˆˆˆ txtx iijiijijij ρσθσλσ θ +Δ+= Σ , 0Σ=Σ λ      (4.7) 
 
where θΔ  remains constant and the least upper bound shakedown limit UBλ  is 
obtained.     
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5. Solutions for the Metal Matrix Composite 
 
We consider two types of particle, Al 2O 3 and SiC, embedded in an elastic 
perfectly plastic aluminium matrix. The materi al constants used in the finite element 
calculations are presented in Table 1. 
 
Table 1 Material Constants 
 
Constants  Al  Al2O 3  SiC 
Young’s Modulus ( E) 70 GPa 370 GPa 450 GPa 
Thermal Expansion Coeff. ( α ) 22 1−MK  8 1−MK  4 1−MK  
Yield Stress yσ  80MPa 5GPa 10GPa 
Poisson’s Ratio ( ν ) 0.34 0.26 0.15 
 
 
A periodic cubic array of elastic spherical particles are embedded in an elastic-
perfectly plastic matrix. The macro stress is applied in a direction perpendicular to 
opposing faces of a generic cube. Symmetry and periodicity reduces the solution 
region to th81  of the cube, as shown in Figure 1 where mesh geometries are shown 
for particle volume ratios of %052.0=pV  and %17.38 . The cube contains a single 
elastic spherical particle at the centre of the cube. Displacement boundary conditions 
are imposed at the face of the cube to make the normal surface tractions correspond to 
a given macroscopic state of stress. In this one eighth of the cubic cell, the 
corresponding zero displacement constraints are imposed on three symmetric inner 
surfaces. For the three outer  surfaces, displacement boundary conditions are also 
imposed to remain plane and make the normal surface tractions correspond to a given 
macroscopic state of stress. 
 
The maximum possible partic le volume fraction is %36.52=pV . Calculations 
were carried out for the following values; %,31.11%,545.6=pV 17.96%, 26.8%, 
38.17% and 44.89%.   
 
5.1 Linear Elastic Solutions 
 
The linear elastic solutions were evaluated for each of the particle volume ratios 
for an arbitrarily chosen values of MPa800 =Σ  and C00 50=Δθ . Contours of 
constant von Mises effective stress are shown in Figure 2 for %96.17=pV  and for 
alumina particles. We find, as expected , that the primary difference between the 
elastic solutions for the two particle types is in the absolute value of the thermo-elastic 
stresses. 
 
The analytic solution corresponding to a particle of radius a imbedded in a 
spherical matrix of radius b is given by 
 
θαασ θ Δ−=Δ )( pmeffth E     (5.1) 
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where  
mpeff E
f
E
f
E
211 += , ( )pbaf ν21132 3
3
1 −⎟⎟⎠
⎞
⎜⎜⎝
⎛ −=  and ( )
3
1
21
3
2
3
3
2
m
mb
a
f
νν ++−=   (5.2) 
 
Here θσ thΔ  denotes the maximum effective (t heoretical) thermo elastic stress 
corresponding to a temperature change θΔ . Suffixes p and m denote elastic 
properties of the particles and matrix respectively. 
 
Figure 3 shows a comparison between th e computed values of the maximum 
thermo elastic effective stress θσΔ  and the solution (5.1, 5.2) for both of the particles 
types. As expected θθ σσ thΔΔ /  reduces to unity for low pV  and increases with pV . As 
the ratio is virtually independent of the differing elastic properties, the solution 
(5.1,5.2) provides a useful normalisation of the elastic solutions.  
 
5.2 Limit Analysis 
 
For the case when 0=Δθ , the shakedown method yields the limit stress value yΣ  
which depends only on the matrix yield stress yσ . Figure 4 shows a comparison 
between the variation of yy σ/Σ  with pV  and computed values given Hom and 
McMeeking [1] and experimental values quoted  by the same authors. It can be seen 
that the computed values are near identical. The Linear Matching Method requires the 
use of the linear elastic solution as a special case of shakedown and Figure 4 confirms 
that limit values are not affected by these values. 
 
5.3 Shakedown and ratchet limit 
 
Figure 5 shows a typical set of shakedown and ratchet limits in the form of an 
interaction diagram for the Aluminum/silicon carbide composite for %96.17=pV . 
Here S denotes the shakedown (and elastic)  region, P denotes th e reverse plasticity 
region and R denotes the ratchetting region. The vertical axis θθ σσ RPΔΔ /  is 
normalised by the value of θσΔ corresponding to the shakedown limit when 0=Σ , 
θθ σσ RPΔ=Δ  the reverse plasticity value. Figure 6 shows the variation of yRP σσ θ 2/Δ  
with pV  yielding a value of unity. This value is expected as this  limit corresponds to 
the maximum variation of the thermo elastic stress that is capable of being contained 
within the yield surface. The computed values of temperature variation 
RPθθ Δ=Δ corresponding to θθ σσ RPΔ=Δ  are shown in Figure 7 showing the 
differences between the two particle types. Figure 8a an d 8b shows the complete set 
of limits for each of the particle types where Σ  has been normalised by the limit value 
0Σ . Note that with these normalisations the solutions for the two particle types are 
near identical. We characterise these curv es by the simplified description shown in 
Figure 9 where the combination of the shak edown and ratchet limit is described by 
two straight lines, 
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1
tan
1 =Δ
Δ+Σ
Σ
θ
θ
σ
σ
α RPy   and  y
PR
y Σ
Σ=Σ
Σ
   (5.3) 
characterised by the two parameters αtan  and yPR ΣΣ /  where PRΣ  is the value of Σ  
that separates the P and R regions for large θσΔ . The variation of these parameters 
with pV and particle type are shown in Figure 10 and are seen to be insensitive to 
particle type. There are two characteristics of Figure 10 wo rth noting. The asymptotic 
reduction in effective strength yPR ΣΣ /  is relatively insensitive to pV , varying 
between 0.5 and 0.7. The variation of αtan is more distinct; th is corresponds to the 
reduction in effective strength with small variations in temperature. For structural 
problems of this type the minimum value found in practice is 2tan =α  and such a 
value is approach at intermediate volume rations of about %8.26=pV .  
  
5.4 Plastic Strain Amplitude in Reverse Plasticity P Region 
 
The procedure for evaluating the amplitude of changing residual stress field 1ijρΔ  
for values of RPθθ Δ>Δ  also provides the amplitude of plastic strain pijεΔ . Contours 
of constant effective plastic strain )( 1ij
p εεε Δ=Δ are shown in Figure 11 for 
3/ =ΔΔ θθ σσ RP  and for %545.6=pV  and 17.96%. For most values of θθ σσ RPΔΔ /  
and pV  the situation in Figure 11(a) occurs. The particle is surrounded by a thin layer 
of matrix material where reverse plasticity occurs. Hence the reverse plasticity regime 
is bounded on both sides by material that remains elastic. For sufficiently high 
θθ σσ RPΔΔ /  and pV , the circumstance in Figure 11(b) occurs where the reverse 
plasticity regime stretches between the particles at the positions of nearest approach. 
 
Figure 12 shows the variati on of the maximum value pp maxεε Δ=Δ , which occurs 
at the matrix-particle interface with tRPt σσ ΔΔ /  for all the computed cases. The 
variation is near linear excep t for the highest value of pV  and independent of the 
particle type. A summary of linear approximations to these results is shown in Figure 
13 where the plastic strain has been normalised with respect to eRPεΔ , the effective 
elastic strain range corresponding to an effective stress variation of yσ2  in the matrix, 
 
31004.2
3
)1(4 −×=+=Δ y
m
me
RP E
σνε   (5.4) 
The relevance of this quantity comes from the following observation. If the region 
of plastic strain is sufficiently well confined by surrounding elastic material, the total 
strain is restricted to zero and  
 
1max −Δ
Δ=Δ
Δ
θ
θ
σ
σ
ε
ε
RP
e
RP
p
    (5.5)  
 
In reality the surrounding elastic position has a finite compliance which allows the 
strain amplitude to exceed the value given by equation (5.5), which may be regarded 
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as a simple normalising lower bound. In Figu re 13 equation (5.5) does indeed form a 
lower bound. All the results may be summarised by the non-dimensional equation, 
 
⎟⎟⎠
⎞
⎜⎜⎝
⎛ −Δ
Δ=Δ
Δ
1)(max RP
t
t
pe
RP
p
Vg σ
σ
ε
ε
   (5.6) 
 
where a quadratic best fit to the data is given by, 
 
203.1357.3511.1)( ppp VVVg +−=    (5.7) 
 
compared with the data in Figure 14. The minimum computed value of g=1.22 
(compared with the lower bound of 1=g , (5.5), occurs when %96.17=pV  and higher 
values are obtained for lower and higher volume ratios. The highest value of 52.2=g  
occurs for the highest volume ratio %89.44=pV . 
 
5.5 Ratchetting Rates in Region R, in Excess of Shakedown and Ratchet limits 
 
Although it is possible to evaluate the rate of increase of macro plastic strain per 
cycle for macro stress in excess of shakedow n, the calculations require a version of 
the Linear Matching Method more complex than that of this paper. A lower bound 
exists that indicates that ra tchet rate increase rapidly [ 21,22]. The increment of macro 
plastic strain per cycle pEΔ is bounded from below by  
 
c
p
E
E
ΔΣ=Δ 4     (5.8) 
where ΔΣ  is the increase of Σ  above the shakedown limit at constant θΔ and cE is 
Young’s modulus for the composite, i.e. the st rain growth per cycle is four times the 
elastic strain corresponding to ΔΣ .  Ponter and Leckie [18]  considered experimental 
data for continuous fibre composite stresses in a direction perpendicular to the fibre 
direction and showed that this result, together with strain hardening effects, could be 
used to predict behaviour in excess of shakedown.  
 
6.  Discussion and Conclusions 
 
The calculations discussed in the last section demonstrate that it is possible to 
characterise the cyclic behaviour of metal matrix com posites by using a programming 
method, the Linear Matching Method. This method allows the identification of 
loading conditions where distinct changes in behaviour occur in the steady state and 
to provide important information on the behaviour within each region. No information 
is given concerning the progress to the steady state although, generally, with the 
shakedown and reverse plasticity regions the accumulated strain to the steady state is 
small. Within the restricted parameters of  the material model considered here, the 
entire range of behaviour may be expresse d in terms of non-dimensional variables. 
 
The experimental behaviour of metal ma trix composites has been compared with 
solutions of this type for continuous fibre composites loaded in a direction 
perpendicular to the fibre direction by Pont er and Leckie [18]. They conclude that 
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such solutions are sufficient to describe steady state behaviour, if strain hardening is 
taken into account in the ratchetting region. For long term cycling at the steady state 
an entirely separate phenomenon also occurs, material ratchetting, the tendency for 
fcc metals, in particular, to show slow cyclic strain growth when subjected to an 
amplitude of stress greater than approxima tely the yield stress. The authors are not 
conscious of similar data for particulate composites. 
 
The most significant property of the solutions given in Section 5 concerns the 
apparent reduction in the yield or limit state with increasing amplitude of temperature 
change, shown in Figure (8) and described by equations (5.3) and Figure (10). At the 
reverse plasticity limit, for θΔ  values shown in Figure 7, the reduction in apparent 
yield stress with θΔ  varies with pV  but may be as much as 0.6 for the highest volume 
ratios. From Figure 4 it can be seen that this reduction balances almost exactly the 
increase in yield strength due to the strengthening effects of the particles. Hence the 
temperature variations in Fi gure 7 provide a first approxim ation of the values that 
leave the apparent composite strength close to those of the matrix. For higher 
temperature variations the deductions may be greater with a saturation level of about 
0.5. Hence the effects of temperature fluctu ation are significant, indicating that, in 
design, any cyclic variation of temperature needs to be severely limited. 
 
The application of these results to design requires insight into the interaction of 
micro and micro stresses when thermal gradients occur. Within shakedown, it is 
possible to shown [17] that, if  the local temperature variation is treated as a parameter 
to define a local apparent yield stress, thermo-elastic plastic calculations so based will 
tend to be conservative.  
 
Within shakedown limit for this idealised s ituation, the amplitude of plastic strain 
is zero. In excess of the reverse plasticity limit, the plastic strain amplitude, shown in 
Figure 12, occurs in a thin layer of matr ix material that completely surrounds the 
particle. 
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(a) Mesh %052.0=pV  
 
 
 
 
 
(b)Mesh %17.38=pV  
 
Figure 1 Typical finite element meshes for 1/8 th of the generic cube. The elements are 
20noded quadratic elements 
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Figure 2 (a), Effective stress contours in MPa for the elastic solution  for MPa80=Σ  
0=Δθ and %96.17=pV , Al/SiC. 
  
 
  
 
 
 
Figure 2(b) Effective stress contours in MPa for the thermo elastic solution  for 0=Σ , 
C050=Δθ  and %96.17=pV , Al/SiC 
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Figure 3 Variation of the maxi mum thermo elastic stress θσΔ normalised to the 
analytic solution θσ thΔ , equations (5.1) and (5.2) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4  Comparisons of limit uniaxial te nsion for the cubic array of spherical 
particles with  finite element solution and experimental results of Hom and 
McMeeking [1]. 
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Figure 5 Shakedown and ratchet boundaries for %96.17=pV . S, P and R refer to 
shakedown (including elastic behaviour), reverse plasticity and ratchetting regions 
respectively. 
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Figure 6   The variation of maximum thermo  elastic stress at the reverse plasticity 
shakedown limit. 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 7   Variation of amplitude of temperature RPθΔ  at the reverse plasticity limit 
with particle volume ratio pV . 
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Fig.8(a) Shakedown limits and ratc het limits for metal matrix ( Al ) composite with 
the particles of 32OAl  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.8(b) Shakedown limits and ratc het limits for metal matrix ( Al ) composite with 
the particles of SiC . 
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Figure 9 Simplified shakedown and ratchet boundaries. 
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Figure 10(a).  The slope of shakedown limit line associated with ratchetting 
mechanism, as shown in Figure 9. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 10(b).  The magnitude of ratchet limit 
y
PR
Σ
Σ
, defined in Figure 9, with different 
pV . 
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Figure 11(a)   The contour of plastic strain amplitude for 3/ =ΔΔ θθ σσ RP  for SiC 
particles and pV =6.545%. 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.11(b) The contour of plastic strain amplitude for 3/ =ΔΔ θθ σσ RP  for SiC 
particles and  pV =17.96%) 
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Fig. 12(a) The maximum plastic strain amplitude pmaxεΔ  for V p=6.545% 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 12(b) The maximum plastic strain amplitude pmaxεΔ  for V p=11.31% 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 12(c) The maximum plastic strain amplitude pmaxεΔ  for V p=17.96% 
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Fig. 12(d) The maximum plastic strain amplitude pmaxεΔ  for V p=26.8% 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 12(e) The maximum plastic strain amplitude pmaxεΔ  for V p=38.17% 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 12(f) The maximum plastic strain amplitude pmaxεΔ  for V p=44.89% 
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Fig.26 The maximum plastic strain ranges fo r MMC with different spherical fibre 
volume fraction 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.13 The maximum effective plastic strain range pmaxεΔ  for differing  volume 
fraction pV . 
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Fig.14 Variation of parameter )( pVg of equation (5.5) with pV . 
 
